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Reduced-Order Aeroelastic Models
via Dynamic Residualization

M.Karpel*
Technion—Israel Institute of Technology, Haifa 32000, Israel

The accuracy of the mathematical models for aeroelastic analysis, design, and simulation is increased with the
number of vibration modes chosen to represent the structure. However, the associated increase in the model size
adversely affects calculation efficiency. The purpose of this work is to present a dynamic residualization method
with which important structural and unsteady aerodynamic effects associated with high-frequency vibration
modes are retained without increasing the model size. The formulation is based on state-space equations of
motion where the unsteady aerodynamic force coefficients are represented by a minimum-state rational approx-
imation function. The resulting model has constant coefficients and is compatible with time-domain simulation
techniques and with modern control methods. The analytical development and a numerical example that employs
a realistic aircraft model are presented. Comparisons of the reduced-order model errors with those obtained by
mode truncation and by static residualization show that the dynamic residualization yields significantly more
accurate models than those obtained by the other reduction techniques.

Nomenclature
[A ],[#], [ Bw ] = aeroservoelastic system matrices, Eqs.

(9) and (10)
t^l],[£], { BW } = reduced-order matrices, Eq. (18)
[A]9 (Bw } = closed-loop system matrices, Eqs. (14)

arid (25)
Hc],[/?c] = control system matrices, Eq. (6)
[Ag],(Bg} = gust dynamic matrix and noise

distribution vector, Eq. (8)
[^olJ^iLUzl - matrix coefficients of the aerodynamic

approximation, Eq. (3)
[Bs] = generalized structural damping matrix
b = reference semichord
tCCo},tCc.,],[CC2] = partitions of the control system output

matrix, Eq. (6)
[Q j,[Q,J,{£>g l} = gust output matrices, Eq. (8)
[C], (Dw } = output matrices, defined in Eqs. (11)

and (12)
[Q,[£>], {Dw } = reduced-order matrices, Eq. (18)
[D] = defined in Eq. (5)
[£>],[£] = approximation coefficient matrices,

Eq. (3)
[FiUF2] = defined in Eqs. (19) and (23)
[F],[G],[GW ),[//] = constraint matrices of Eq. (16),

defined in Eq. (20) or (24)
= force coefficients matrices, Eq. (10)
= control gain matrix, Eq. (13)
= unit matrix
= generalized stiffness matrix
= defined in Eq. (5)
= reduced frequency, =ub/V
= k values at which data-match

constraints are applied, Eqs. (27) and
(28)

[Gc]
[I]
[Ks]
IKC]9[K8UKS]
k
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[MC],[M5] = control and structure related partitions
of the generalized mass matrix

[MC],[MJ = defined in Eq. (5)
n = total number of model states
[G1JQ] = tabulated and approximated complex

generalized aerodynamic matrices
[2c-]»[Qg]»[Qs] = control, gust, and structure related

partitions of [Q]
q - dynamic pressure
[R] = aerodynamic lag matrix, Eq. (3)
[R] = defined in Eq. (5)
5 . . . = Laplace variable
s = ndndimensionalized Laplace variable,

= sb/V
{u } = control input vector
V - true air speed
w = process noise parameter
{ wg } = gust velocity vector
( j c ) = state vector
(Xa\9[xc]9{Xg] = aerodynamic, control, and gust state

vectors
(y }
[Z]

[Z]
( 6 )
{ £ )

Subscripts
ac
av
c
e
g
r
s
w

sensor output vector
expanded mass matrix, Eqs. (9) and
(10)
defined in Eq. (18)
control surface rotation vector
generalized structural displacements
vector
modal displacement and slope matrices
vibration frequency

acceleration related
angular velocity related
related to the control modes
related to the eliminated states
related to the gust modes
related to the retained states
related to the structural modes
process noise related
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Introduction

T HE common approach for formulating the equations of
motion of an aeroelastic system1'2 starts with a normal

modes analysis of the structural system. A realistic, continu-
ous structural system has an infinite number of vibration
modes. However, many flutter, structural dynamic response,
and aircraft performance issues may be adequately analyzed
with a limited set of low frequency vibration modes (including
rigid-body modes). Control surface deflection modes are
added to account for the interaction between the aeroelastic
and control systems with an aeroservoelastic model. Gust ve-
locity modes may also be added to analyze the response of the
structural and control systems to continuous gust.

The structural, control surface, and giist modes serve as
generalized coordinates with respect to which unsteady aero-
dynamic force coefficients are defined. The most commonly
used unsteady aerodynamic routines, such as those based on
the doublet lattice method (DLM)3, assume that the structure
oscillates harmonically. Transcendental unsteady aerody-
namic matrices are calculated for various reduced frequency
values. Second-order, frequency-domain formulations can be
used for iterative stability solutions,4 frequency response, and
frequency-domain control synthesis. However, application of
various modern control design techniques,5'6 integrated simu-
lations,7 and optimization8 procedures requires the equations
of motion to be cast in a first-order, time-domain (state-space)
form. This formulation is based on a rational approximation
of the transcendental aerodynamic matrices. The number of
denominator roots of the approximation function define the
number of augmented aerodynamic states. Tiffany and
Adams9 reviewed and extended various approximation meth-
ods, and applied them in NASA's Interaction of Structures,
Aerodynamics and Controls (ISAC) Computer program.10

Among those, the minimum-state method of Karpel11'12 yields
the lowest number of aerodynamic states per required accu-
racy. Various applications of the minimum-state methods12"14

show that the number of aerodynamic states required to obtain
good accuracy is about one-fifth of the number of structural
states. The augmentation of control system and gust related
state (as in Ref. 6) completes the state-space aeroservoelastic
model.

A key question that the analyst faces is how many structural
modes should be taken into account. The analysis may start
with a relatively large number of modes with which the basic
aeroservoelastic behavior is studied and the frequency range of
interest (the range in which there is a considerable aeroelastic
activity) is defined. However, efficient subsequent applica-
tions such as control system design, time simulation, paramet-
ric studies, and structural and/or control system optimization
may require the model to be as small as possible but with
acceptable accuracy.

A simple truncation of vibration modes with natural fre-
quencies above the range of interest reduces the model size but
might yield unacceptable errors. A way to take into account
steady effects of the eliminated modes without increasing the
model size is by a static residualization such as that of Sheena
and Karpel.15 This process, which yields accurate results in
analyzing the "rigid-body" dynamics, may not be accurate
enough in higher frequency flutter mechanisms. The purpose
of this work is to develop a dynamic residualization method in
which unsteady effects of the eliminated modes are added to
those of the static residualization without increasing the model
size. Application to a realistic aeroservoelastic model will
demonstrate the costs and benefits of low-order aeroelastic
modeling via dynamic residualization.

tion of motion, excited by control surface motions and gust
velocities reads

(1)

In order to transform Eq. (1) into a time-domain constant
coefficient equation, the aerodynamic matrices have to be de-
scribed as rational functions of 5. The minimum-state
method11'12 approximates [Q(s)] by

(2)

where [R] is a diagonal matrix with distinct negative terms
representing the aerodynamic lags. The real- valued approxi-
mation matrices of Eq. (2) are partitioned into structural-,
control-, and gust-mode related terms as

[A;]= [ASj ACj A^ f o r / = 0,1,2

Ec Eg] (3)

The approximation procedure converges for the coefficient
matrices that best fit a set of [Q(ik)] matrices, tabulated for
various reduced-frequency (k) values.

The resulting time-domain, open-loop plant equation of
motion, with the constraint of [Ag2] = 0 (to avoid an unneces-
sary wg term) is

7 0 0
0 Ms 0
0 0 /

0 / 0
-Ks -Bs -D
0 Es R

0 0 0
-Kc -Bc -Mc

0 Ec 0

(4)

where

ab2
r
s] = (Ms]+^-I[AS2], [R,] = [K,]-

[Mc] = [Mc] [AC2

Full-Size Model
The equations of motion in this paper follow the time-do-

main aeroservoelastic modeling technique of Ref. 12. The
Laplace transform of the open-loop aeroelastic system equa- = q(D], (5)
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A linear transfer function of the control system (including
the actuators) can be described in a state-space form as

l x c } = [Ac]ixc} +[Bc](u]

(6)

The aeroservoelastic loop is closed by relating the control
input vector {u } to the output of angular velocity meters ( y a v }
and accelerometers [yac]. The sensor dynamics are neglected
in this work, which yields

(7)

where [0] and [</>'] are the modal displacements and modal
slopes at the sensor input.

The gust velocities are defined in statistical terms by their
power spectral density (PSD) functions. An equivalent gust
dynamic system (see Ref. 6) can be defined by

{xg} = \

ixg] + Dts\
(8)

such that w represents a white-noise process with a constant
PSD of unit magnitude, which has algebraic advantages in a
continuous gust response analysis and fits optimal control al-
gorithms well.

Equations (4) and (6-8) combine for the state-space aeroser-
voelastic model

where

[F,] = [*,][Cf()] + [Bc][CCl] + [MC][CC2]

[Fg] = [Kg][CgQ] + [*,][CgI] {Fw) = [Bg](Dgl]

The output matrices of Eq. (9) for the angular velocity mea-
surements of Eq. (7) are

// 0 0 0] (11)

and for the acceleration measurements of Eq. (7), using Eq.
(10),

D Fc Fg]

(12)

The aeroservoelastic loop is closed by relating the control input
to the system output,

( u } = , [ G c ] ( y } (13)

The substitution of Eq. (13) into Eq. (9) yields the closed-loop
equation of motion

(14)

where

It may be noticed from [B] of Eq. (10) that only the fourth row
partitions of [^4] and (B w } are different than those of [A ] and
( B w } .

where the system matrices are

(9)

0 7 0 0 0
-Ks -Bs -D -Fc -Fg

0 Es R Ec Eg

0 0 0 Ac 0
0 0 0 0 Ae

0

0

0 , { B w } = - 0

Bc 0
0

(10)

Model Size Reduction
General

It is assumed that a full-size model (with the initial set of
vibration modes) has been established and that the analyst has
defined a frequency range of important aeroelastic activity.
The state vector {jc ) is partitioned into subsets { x r } and { x e }
where { x e } is to be constrained and eliminated from the inde-
pendent state vector. In our case, { x e } includes the states { % e }
and (L} , which represent the vibration modes with natural
frequencies beyond the frequency range of interest. It is as-
sumed that some of the dynamics associated with {xe ] have
negligible effects on the aeroelastic behavior of { x r } .

The partitioning of Eq. (9) into {xr} and [xe} related parti-
tions yields

:„ Zrel (xr^ _ \Arr Arel Cxr^ fBrl
7 \ I Y \ ~ \ A A / v \ "^ « rM 'er ^ee\ (Xe) [_^er ^ee\ (*ej \_°e^

[y] =[Cr (15)

where [Be] = 0 because { xe } is based on vibration modes only.
With the assumption that the { xe } effects on the top partition
of Eq. (15) (through [Zre]) may be neglected, the most general
constraints that allow model size reduction are

(16)

where the last term of Eq. (16) is introduced for convenience
in the following formulation, which defines the coefficient
matrices [F], [G], { Gw } , and [//] according to the size reduc-
tion method. The substitution of Eq. (16) into the top partition
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of Eq. (15) with [Zre](xe } =0 yields

[ Z ] i x r } = [ A ] [ x r } + [B][u} + (Bw}w

iy}=lQ(xr] + [ D \ ( u ] + (Dw\w (17)

where the matrix coefficients are

[Z] = [Zrr] - [AK](H]

[A] = [Arr] + [Are](F]

[B] = [Br] + [Are][G]

[C] = [Cr]

of Eq. (19) to include these effects reads

[Dw} = \DW} + [ C e ] ( [ G w } + [ H ] [ Z \ - t { B w } ) (18)

Mode Truncation
The simplest and most commonly used constraint assump-

tion is that the high-frequency modes have negligible effects on
the retained model, namely the constraint matrices [F], [G],
{ Gw } , and [//] of Eq. (16) are all zero. The resulting model is
that of Eq. (15) where all of the rows and columns associated
with [xe] are truncated.

Static Residualization
The static residualization is based on the principles of static

aeroelastic analysis using vibration modes (such as in Ref. 15)
where the aerodynamics associated with the deflections of the
elastic modes have a major impact on the rigid-body aerody-
namics. In the present case, it is assumed that the {£«, ) effects
are important but the { %e } and (£e } effects may be neglected
(as done in ISAC10). With these assumptions, the bottom row
partition of the equation of motion [Eq. (15)] and the matrix
definitions of Eq. (10) yield

(19)

where

=[-KSer -BSfr -De -FCe -FSe]

Equation (19) and (ie ] = (0) yield the constraint matrices of
Eq. (16) for the case of static residualization

[F] =
j^-
^ MS 0 0 OJ (20)

The statically residualized reduced-order model of Eq. (17) can
now be constructed using Eq. (18). It can be shown from Eqs.
(10), (18), and (20) that [Z], [A], and [Bw] have the same
topology (nonzero partitions) as [Zrr]9 [Arr], and [BWr], that
[B] = [Br], and that [D] = [0]. The closed-loop equation of mo-
tion can be constructed by Eq. (14) where [A ], [B], [C], { Bw } ,
and ( Dw ) are replaced by those of Eq. (18). It should be noted
that the assumption of ( \e } = 0 in Eq. (20) does not mean that
the eliminated modes do not move. It only means that the
forces associated with this motion are neglected.

Dynamic Residualization
The dynamic residualization suggested in this work does not

neglect a priori the aerodynamic effects of ( %e } . The extension

-UUikJ (21)

where the first term on the right side is the primary contributor
to the generalized forces acting on the eliminated modes and
the other terms have secondary effects. The differentiation of
Eq. (21) with respect to time, while neglecting the derivatives
of the secondary effects and using the definition of [F}] in Eq.
(19), yields an equation for ( £ e } :

- ( F c e ] ( x c } - [ F g e ] { x g } (22)

which, by using Eq. (9) for [xa J , [xc ) , and (xg ) , becomes

[*22]{i] = [ F 2 ] { x r } - [ F C e ] [ B c ] [ u } ~ [ F g e ] i B g } w

-[BSer]il] (23)

where

= [KSee] + [De][ESe]

-(DeEg+FgAg)]

Equations (21) and (23) combine the constraint equation [Eq.
(16)] with the matrix coefficients for the case of dynamic resid-
ualization:

(24)

where

[H}= - 0 0 0

The dynamically residualized reduced-order model [Eq. (17)]
can now be constructed by Eq. (18) with the matrices of Eq.
(24). It can be shown from Eqs. (10), (18), and (24) that [Z]
still has the same topology as [Zrr]. However, unlike the static
residualization, the topology of [^4], [B], and ( B w } resulting
from the dynamic residualization does not keep the original
topology of [A], [B], and { B w } . In addition, [D]^0, which
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Fig. 2 Full-size, open-loop root loci.

yields the closed-loop equation of motion

[Z\[xr}=[A](xr} + [Bw}w

where

0.

(25)

[A] = [A] + [B\[Gc]([I]-[D][Gc])-llC\

[Bw] = {6w}+lB\lGc]([I]-lB\[Gc])-l(Dw}

Aerodynamic Approximation Constraints
The minimum-state aerodynamic approximation proce-

dure,12'13 which results in the approximation coefficient ma-
trices of Eqs. (2) and (3), is based on a nonlinear, least-square
fit of tabulated complex aerodynamic matrices. These input
matrices, [Q(ik()]9 are given for various values of k(. The
approximation procedure requires each term of [Q] to be as-
signed with three approximation constraints. The constraints
are

[AQ] = Re[Q(0)]

either

or

either

or

at a

(26)

(27)

/*/)] = Re[e(/*/)] at a

[A2 = [0]

(28)

Each term of [Q] may be assigned with a different set of
constraints, and the analyst is free to choose between the data-
match and the zero coefficient options in Eqs. (27) and (28).
The data-match options typically yield a better fit.13 However,
since the [AS}]ee, [Agl]e, [AS2]re, [AS2]er, and [AS2]ee partitions
of Eq. (3) are neglected in the development of Eq. (22), con-
straining them to be zero may yield a better accuracy in the
subsequent residualization process.

Numerical Example
Full-Size Model

The numerical application deals with Rockwell's active flex-
ible wing (AFW) wind-tunnel model to be tested at the Tran-
sonic Dynamics Tunnel, NASA Langley Research Center. A
top view of the aerodynamic model is given in Fig. 1. The
circles indicate points at which modal data were obtained from
the vibration analysis. The full-size mathematical model con-
sists of 11 antisymmetric vibration modes (1 rigid-body roll
and 10 elastic modes), and 4 control-surface deflection modes.
The minimum-state method is used to approximate the Mach
0.9 doublet lattice, tabulated, generalized, unsteady aero-dy-
namic matrices with four approximation roots, which yields
four aerodynamic augmented states. The 10 tabulated aero-
dynamic matrices are with reduced frequencies between k - 0
and 0.6. The "regular" data-match constraint options of Eqs.
(27) and (28) with kf = kg = 0.6 are first used for all the aerody-
namic terms. Four third-order irreversible actuators are used
to drive the control surfaces. The constant gain (zero-
order) control system reads a single roll-rate measurement and
commands each actuator according to its assigned control
gain. The total order of the closed-loop system is 38 (22 struc-
tural, 4 aerodynamic, and 12 actuator states).

The intended use of the aeroservoelastic model is for design-
ing a control system that would yield adequate aircraft roll
performance without violating the required flutter, gain, and
phase margins. The open-loop root loci with varying dynamic
pressure (q) are shown in Fig. 2. Interpolation of the branch
that crosses the imaginary axis yields the flutter dynamic pres-
sure Qf = 1.9217 psi and flutter frequency co/ = 87.698 rad/s. A
preliminary closed-loop analysis has indicated that the control
system may have a considerable effect on the aeroelastic be-

2 3 4

# of eliminated modes
Fig. 3 Flutter dynamic pressure errors, open-loop, regular con-
straints.

2 3 4

# of eliminated modes
Fig. 4 Flutter frequency errors, open-loop, regular constraints.
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havior in the frequency range of 0-150 rad/s. The purpose of
our example is to reduce the model size by eliminating the
high-frequency-related structural states in order to facilitate an
efficient subsequent control design process (which is by itself
beyond the scope of this work).

Model-Size Reduction
The reduced-order model of Eq. (17) has been established by

mode truncation, static residualization [Eq. (18) via Eq. (20)],
and dynamic residualization [Eq. (18) via Eq. (24)]. The reduc-
tions were repeated for / = 1-6 where / is the number of highest
frequency eliminated modes. Open-loop root-loci analyses
were performed with the reduced-order models. The resulting
flutter dynamic presure and flutter frequency percentage er-
rors (relative to those of the full-size model) are given in Figs.
3 and 4. It may be observed that the five highest frequency
modes (modes 7-11) have a small effect on the flutter mecha-
nism relative to that of mode 6.

A sample closed-loop root-locus analysis has been per-
formed with [Gc]r=[0, -0.124, 0.1, 0.05]. The resulting
full-size flutter dynamic pressure and flutter frequency are
qf = 1.783 psi and ay = 88.036 rad/s. The reduced-order flutter
dynamic pressure and flutter-frequency percentage errors are
given in Table 1. Here again, modes 7-11 have a small effect
on the flutter mechanism, whereas the effect of mode 6 is even
larger than that in the open-loop analysis. It may be concluded
that mode 6 should not be eliminated as its dynamics (namely
the effects of its acceleration) are not negligible. This demon-
strates that reducing the order of the aeroelastic equations
should be done judiciously so that the essential flutter mecha-
nisms are kept. It can also be observed from Figs. 3 and 4 and
from Table 1 that residualization yields significantly better

Table 1 Closed-loop flutter dynamic pressure and
frequency percentage errors in reduced-order models

modes
1
2
3
4
5
6

Mode truncation
error,

Of
-0.056
-0.561
-1.206
-1.178
-1.122

-19.686

u/o
CO/

0.035
0.092
0.203
0.448
0.465
2.831

Static res.
error,

Qf
-0.185
-0.791
-0.869
-0.841
-0.897
-6.579

u/o
CO/

0.052
0.111
0.109
0.153
0.177
1.002

Dynamic res.
error,

Of
-0.002
-0.449
-0.280
-0.561
-0.505
-6.188

u/o
CO/

0.001
0.098
0.068
0.118
0.107
0.892

Table 2 Comparison of full-size flutter parameters
resulting from different aerodynamic approximation constraints

Aerodynamic
approximation

constraints
Regular
Special

Difference, %

Open loop
qf, psi co/, rad/s
1.9217 87.6984
1.9245 87.6619
0.146 -0.042

Closed loop
qf, psi o>/, rad/s
1.7830 88.0361
1.7893 87.9554
0.353 -0.092

Table 3 Root extraction time of various full-size
and reduced-order models

Open n
loop t, s

Closed n
loop /, s

Full-size
model

26
0.54
38

1.60

Truncated
16

0.12
28

0.58

Statically
residualized

16
0.15
28

0.63

Dynamically
residualized

16
0.18
28

0.69

u

-0.4

-0.6

1.2

"" ———— ——— -H

-— Truncation

-+- Dynamic

P 1

---

, ——————— _

\

•^ —— ̂ ____

——— -

2 3 4 5

# of eliminated modes
Fig. 5 Flutter dynamic pressure errors, open-loop, special con-
straints.

2 3

# of eliminated modes

Fig. 6 Flutter frequency errors, open-loop, special constraints.

results than truncation and that the dynamic residualization
errors are about one-half of those of the static one.

Effects of Approximation Constraints
The aerodynamics approximation has been reestablished

with the coefficient constraints of [ASl]ee = [AS2]re = [AS2]er
= [0] where subscript e refers to the five highest frequency
eliminated modes. The other aerodynamic coefficients have
the same data-match constraints as in the previous subsec-
tions. The full-size open- and closed-loop flutter dynamic pres-
sure and frequency resulting from these "special" constraints
are compared in Table 2 to those of the "regular" constraints.
Because the data-match constraints usually yield a better aero-
dynamic approximation than the special coefficient con-
straints (Ref. 13), the differences presented in Table 2 may be
considered as the errors introduced by the special constraints.

The flutter dynamic pressure and frequency errors due to
model size reductions of the special constraint cases are shown
in Figs. 5-8. Comparisons with Figs. 3 and 4 and Table 1 show
that the truncation and static residualization errors in the spe-
cial constraint cases are similar to those of the regular con-
straints, whereas the dynamic residualization errors are re-
duced to about one-half of those with the regular constraints.
However, since the aerodynamic approximation accuracy loses
(see Table 2) are similar to the residualization accuracy gains,
the application of the special coefficient constraints is not
worthwhile in this example.

Computation Time
The main motivation for reducing the model size is to save

computation time. A basic task, which is repeated numerous
times in various analyses, is the calculation of the system roots
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Fig. 7 Flutter dynamic pressure errors, closed-loop, special con-
straints.

0.6

0.4

0.2
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# of eliminated modes
Fig. 8 Flutter frequncy errors, closed-loop, special constraints.

for given sets of structural, aerodynamic, and control param-
eters. A comparison of the MicroVax 3200 computer time for
calculating one set of system roots with various full-size and
reduced-order models with n states is given in fable 3. The
calculations include the construction of the system matrices,
extraction of all the eigenvalues, and writing them on an out-
put file. The reduction is based on eliminating the five highest
frequency vibration modes. Advantage is taken of the fact that
the bottom partitions of the static residualization matrices
[Eq. (20)] are zero, such that the computation time added by
the dynamic residualization (relative to truncation) is about
twice that of the static residualization.

It can be deduced from Table 3 that the computation time is
approximately proportional to «3, which is typical to many
matrix operations, and that the time added by the dynamic
residualization is small compared to the time savings in the
eigenvalue extraction. As a thumb rule, one may assume that
the application of dynamic residualization costs the same com-
putation time as adding two states (one structural mode) to the
truncated model or adding one state to the statically residual-
ized model. The considerable gains in model accuracy imply
that the dynamic residualization suggested in this paper is very
cost effective.

Conclusions
Reduced-order, time-domain aeroservoelastic modeling has

been formulated with three types of high-frequency mode-
elimination techniques: mode truncation, static residualiza-
tion, and the new dynamic residualization. These techniques
are especially effective when applied in conjunction with the
minimum-state aerodynamic approximation method, which
yields a relatively low number of aerodynamic states. A realis-
tic numerical example demonstrated that, when applied to all
the modes with natural frequencies above the range of impor-
tant aeroelastic activity, the static and dynamic residualization
errors are about 60% and 30% of the mode truncation errors.
An additional improvement of the dynamic residualization
accuracy may be obtained by applicaton of special zero-coeffi-
cient constraints in the aerodynamic approximation. However,
these constraints might adversely affect the aerodynamic ap-
proximation accuracy and by that offset the residualization
accuracy gains. The computation time added by application of
the dynamic residualization is very small relative to the time
savings in subsequent analyses with the reduced-order model.
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